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3D situation Hypothesis
� Axisymetry without swirl,

� Discharge: q(t, r)e⃗r,

� Wave's elevation: ζ(t, r),

� The �uid �t the bottom of the

solid in I.

dr := ∂r +
·
r

Augmented formulation{
∂tζ + drq = 0,

∂tq + ∂rR1

(
ζ + ε ζ2

2 + ε q2

h

)
+ εR0

q2

rh = ∂tqG,
r > R

q = −R

2 δ̇,

and (
added mass eq
hidden trace eq

) (
τ2

κ(εδ)δ̈
κ2ζ̈

)
= F

(
δ, δ̇, ζ, ζ̇,R1f

)
, (1)

with Rα, α ∈ {0, 1} dispersive nonlocal operators de�ned as{[
1 − κ2(∂r + α ·

r

)(
∂r + (1 − α) ·

r

)]
Rαu = u, ∀r > R,

(1 − α)Rαu|r=R
+ α∂rRαu|r=R

= 0.

and G dispersive boundary layer de�ned as

{
(1 − κ2∂rdr)G = 0,

G(r = R) = 1.

1D Radial situation

r

h(t, r)

R

I E
ζ constraint,

P unknown.

fi fe

ζ unknown, P constraint.

fi

fe

[q]r=R = 0[
P
ε + ζ + κ2ζ̈ + ε

2
q2

h2

]
r=R

= 0

δ = (center of mass) - (center of mass)eq

Modelisation
Let ε ∈ [0, 1) and κ ∈ (0, 1).

� Boussinesq-Abbott
∂tζ + drq = 0,

Dκ∂tq + εdr
q2

h + h∂rζ = −h∂r
P
ε ,

h = 1 + εζ,

Dκ = (1 − κ2∂rdr),

(2)

� Newton's motion law

τ2
buoy δ̈ + 1

ε
m = 1

I

∫
I

P

ε
. (3)

Local wellposedness

(ζin, qin) ∈ H1(E) × H2
κ(E), δin ∈ R,

−Rδ̇in = 2qin(r = R), ζin = ζin(r = R), ζ̇in = −drqin

⇓

(ζ, q, δ, δ̇, ζ, ζ̇) ∈ C ∞ ([0, T ] , H1(E) × H2
κ(E) × R4) ,

T = O
(

min
(

ε−1κ, ε−1/2
))

with H2
κ(E) the space H2(E) equipped with the norm

|| · ||H2
κ(E) = || · ||H1(E) + ||κ∂rdr · ||L2(E)

Sketch of the proof: Fixed point argument based on the iterative
scheme

{
∂tζ

k+1 + drqk+1 = 0,

∂tq
k+1 + ∂rR1

(
ζk+1 + ε ζk2

2 + ε qk2

hk

)
+ εR0

qk2

rhk = ∂tq
k+1G,

r > R

+
Same for the linearized version of (1)

How to get the added mass equation
Combining (3) with (2) in I leads to obtain the added mass equation
(1) with

τ2
κ(εδ) := τ2

buoy + κ2 + R2

8(1 + εδ) > τbuoy

How to get the hidden equation

Dκ∂tq + εdr
q2

h
+ h∂rζ = 0

⇓ D−1
κ

∂tq + ∂rR1

(
ζ + ε

ζ2

2 + ε
q2

h

)
+ εR0

q2

rh
= ∂tqG

⇓ κ2dr

κ2ζ̈+ζ+ε
ζ2

2 +ε
q2

h
= δ̈ κ2 R

2 drG+R1

(
ζ + ε

ζ2

2 + ε
q2

h

)
+εκ2drR0

q2

rh
, r > R

Numerical simulations
C0 C1 CN+1CN

Suppose un := (ζn, qn), δn, δ̇n, ζn, ζ̇n are known, δ̈n is given by (1):

1. Solve the elliptic problem → R1un,R1fn,R0
q2

rh
n, G, with f :=

ζ + ε ζ2

2 + ε q2

2 ,

2. For i > 1, compute un+1
i by

un+1
i = un

i + ∆t

∆x

(
Fn

i+1/2 − Fn
i−1/2

)
− ∆t

(
qn

i

ri

εR0
q2

rh
n
i + R

2 δ̈nGi

)

Fi+1/2 := 1
2

(
qi+1 + qi

(R1f)i+1 + (R1f)i

)
− λ

2

(
(R1ζ)i+1 − (R1ζ)i

(R1q)i+1 − (R1q)i

)
,

3. Solve ODE's system → δn+1, δ̇n+1, ζn+1, ζ̇n+1,

4. Ghost cell → un+1
0 =

(
ζn+1, − R

2 δ̇n+1) .

Parameters
ε = 0.3, κ ∈ {0.01, 0.1, 0.2, 0.3}, δin = 0.1, (ζin, qin) = 0, Tfinal = 10, R = 4, 200
cells.
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